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UNIVERSAL FORMULAS FOR CHARACTERISTIC CLASSES ON
THE HILBERT SCHEMES OF POINTS ON SURFACES
SAMUEL BOISSIE`RE AND MARC A. NIEPER-WISSKIRCHEN
Abstract. This article can be seen as a sequel to the first author’s article
“Chern classes of the tangent bundle on the Hilbert scheme of points on the
affine plane”, where he calculates the total Chern class of the Hilbert schemes
of points on the affine plane by proving a result on the existence of certain
universal formulas expressing characteristic classes on the Hilbert schemes in
term of Nakajima’s creation operators.
The purpose of this work is (at least) two-fold. First of all, we clarify
the notion of “universality” of certain formulas about the cohomology of the
Hilbert schemes by defining a universal algebra of creation operators. This
helps us to reformulate and extend a lot of the first author’s previous results
in a very precise manner.
Secondly, we are able to extend the previously found results by showing
how to calculate any characteristic class of the Hilbert scheme of points on the
affine plane in terms of the creation operators. In particular, we have included
the calculation of the total Segre class and the square root of the Todd class.
Using this methods, we have also found a way to calculate any characteristic
class of any tautological sheaf on the Hilbert scheme of points on the affine
plane. This in fact gives another complete description of the ring structure of
the cohomology spaces of the Hilbert schemes of points on the affine plane.
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1. Introduction
The Hilbert scheme of n points on a complex surface X (see [13] or [3] for the
non-algebraic case) parametrises the zero-dimensional subspaces of length n on X .
It is denoted in this text by X [n]. By a result of Fogarty ([5]), it is smooth of
dimension 2n. The vector space structure of its rational cohomology ring has been
calculated by Go¨ttsche ([6]), i.e. he calculated the Betti numbers. His formulas can
be a given a particularly nice form if one considers all Hilbert schemes at once,
i.e. if one studies HilbX := ∐n≥0X [n]. Nakajima ([12]) and Grojnowski ([7]) were
led by this result to the construction of certain operators qn(α) and pn(α) on the
cohomology HQX of HilbX that are part of a vertex algebra structure (see [9]).
Here α is a cohomology class on the surface X and n is a positive integer. The
upshot of this construction is that every cohomology class in HQX can be given
as an application of a polynomial in the qn(α) on a certain element |0〉 in HQX ,
called the vacuum. In the case of the affine plane, i.e. X = C2, this leads to
the isomorphism HQC
2 ≃ Q[[p1, p2, . . . ]], the power series ring in infinitely many
variables, as vector spaces (not rings!).
Each sheaf F on X gives rise to a sheaf F [n] on each X [n], called a tautological
sheaf. One can ask what the total Chern classes of these sheaves in terms of
polynomials in the qn(α) applied to the vacuum are. Lehn gives in [9] a closed
formula for the case that F is an invertible sheaf.
Another natural sheaf on the Hilbert schemes is given by the tangent sheaf.
The first author has started to attack the problem of expressing the total Chern
classes of these tangent sheaves in terms of the qn(α) in [2]. It turns out that these
expressions do not really depend on the surface X (or the invertible sheaf F) but
only on some algebraic invariants of X and F (namely more or less their Chern
classes). Thus one can say there are universal formulas governing the Chern classes
of the tautological and the tangent sheaves. Unfortunately the coefficients in these
universal formulas are not known in a closed form for the case of the tangent sheaves
of the Hilbert schemes on an arbitrary surface (or the tautological sheaves of a sheaf
that is not of rank one). However, when one specialises to X = C2, the affine plane,
there is a closed formula for the total Chern class of the tangent sheaves on the
Hilbert schemes over X (expressed as elements in the ring Q[[p1, p2, . . . ]]), which is
the main result of [2].
This article builts upon these results. We clarify what is meant by universality
of certain formulas by introducing a universal algebra of operators together with an
evaluation map for each surface X that specialises these operators to the operators
qn(α). Equipped with this machinery, we easily rediscover the results of [2] that
state how certain formulas have to look like.
We improve the methods that were used in [2] to calculate the total Chern classes
of the tangent sheaves ΘX[n] of the Hilbert schemes of points on the affine plane
to be able to calculate all multiplicative classes of ΘX[n], i.e. the total Segre class
or Todd class. Given a multiplicative class γ =
∏∞
i=1 f(λi) where the λi are the
(universal) Chern roots and f ∈ 1 + xR[[x]] is a power series with coefficients in a
ring R, one of our main results states that
∑
n≥0
γ(Θ(C2)[n]) = exp

∑
k≥1
g2k+1 · p2k+1
2k + 1

 ∈ R[[p1, p2, . . . ]],
where the power series g =
∑
n≥1 gnt
n is defined by ∂g∂t
(
x
f(x)f(−x)
)
= f(x)f(−x).
As every characteristic class appears in a sufficiently general multiplicative class,
one can use this result to calculate effectively all characteristic classes of the sheaves
Θ(C2)[n] .
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As mentioned before, Lehn has calculated the total Chern classes of the tauto-
logical sheaves in the rank one case. We are able to extend his result to arbitrary
multiplicative classes in the case of the affine plane (where there are only the tau-
tological sheaves of the structure sheaf). Our second main result states that
∑
n≥0
γ(O[n]) = exp

∑
n≥1
gn · pn
n

 ∈ R[[p1, p2, . . . ]],
where this the power series g =
∑
n≥1 gnt
n is defined by ∂g∂t
(
x
f(−x)
)
= f(−x). As
explained in the last section of this article, one can use this result to effectively
calculate the cup-product in HRC
2 ≃ R[[p1, p2, . . . ]].
It is remarkable that these formulas for the case of the affine plane do also
give partial results for the characteristic classes of the tautological sheaves and the
tangent sheaves of the Hilbert schemes of points on any surface by virtue of the
universality and uniqueness of the involved formulas. This is explained in the main
text.
Let us outline the structure of this article. The first of the sections that fol-
low is dedicated to the introduction of some notations and notions that are used
throughout the text.
The third section gives some general results on (multiplicative) characteristic
classes. As we want to discuss characteristic classes of the tangent sheaf of a
complex manifold and characteristic classes of bundles on it uniformly, we introduce
the notion of a marked complex manifold (X,α), where X is a complex manifold
and α is a cohomology class on X . In the applications, α will often by the Chern
character of a sheaf on X , from which all other characteristic classes can be built.
We introduce the ring of all (virtual) marked complex manifolds.
In the fourth section, we come to the Hilbert scheme of points on a surface. We
give the definition and the construction of one half of Nakajima’s operators (the
half that interests us). It ends with defining the notion of a Hilbert scheme of a
marked complex surface and explaining that the Hilbert scheme operation is like an
exponential mapping from the abelian group of (virtual) marked complex surfaces
to the ring of all (virtual) marked complex manifolds.
The fifth section is devoted to the universality of certain formulas, which has
already been stated in [2]. Here, we add the remark that the universal expressions
for multiplicative classes evaluated on the Hilbert schemes are unique, which makes
it possible to get results for the general case from specific results on the Hilbert
scheme of points on the affine plane.
The last section contains the two main results in that have been stated above.
An algebraic identity that is used in the proof of these two theorems (and that
makes it possible to generalise the result of [2] where hypergeometric methods were
used instead), can be found in the appendix together with a certain form of the
Lagrange Inversion Theorem, that is used to give our results a nice form.
2. Notation
2.1. Completed graded super-rings. By a (unital) super-ring R we understand
a Z/(2)-graded unital ring that is commutative in the graded sense. In particular
R comes with a decomposition R = R0⊕R1 such that in particular R0 is a subring
and R1 is a module over R0. The elements in R0 are the even elements (or elements
of even parity) and the elements in R1 are the odd ones.
Let R be such a super-ring. A grading on R is a decomposition R =
⊕
n≥0R
n
of R into subgroups such that Rn for n even consists entirely of even elements and
Rn for n odd consists entirely of odd elements. We require further that Rm ·Rn ⊂
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Rm+n. A super-ring with a grading is a graded super-ring. The elements in Rn are
the homogeneous elements of degree n.
A completed graded super-ring Rˆ is a super-ring Rˆ that comes with an inclusion
R ⊂ Rˆ of a graded super-ring R such that Rˆ is the I-adic completion of R with
respect to the ideal I :=
⊕
n>0R
n.
An ordinary ring R becomes trivially a completed graded super-ring by choosing
the grading R = R0. For example, we may view Q as a completed graded super-
ring. Every graded super-ring can be made into a completed graded super-ring by
passing to its completion with respect to the ideal generated by the elements of
positive degree.
All of the rings that occur in this article will be completed graded super-ring. In
order to simplify notions, we will sloppily call these completed graded super-rings
just rings. It frequently happens that a construction, e.g. the tensor product, does
not yield a completed graded super-ring but just a graded super-ring. In these
cases, it is to be understood that one has to implicitely pass to the completion. In
other words, “tensor product” will always mean “completed tensor product”, etc.
For the rest of this paper, R will be a ring, i.e. a completed graded super-ring.
Let us mention that there are the obvious notions of modules and algebras over
completed graded rings. We will make heavy use of them. One example will be
the cohomology ring H∗(X,R) of a complex manifold X . It is an R-algebra (in the
above sense) with the grading
⊕
p+q≥0H
p(X,Rq).
Given an R-module M and a natural number l ∈ N0, we denote by M [−l] the
R-module whose grading is given by
(M [−l])n =
{
Mn−l for n ≥ l
0 otherwise.
2.2. Partitions. By P, we denote the set of partitions of the positive natural num-
bers, i.e. non-increasing finite sequences (λ1, . . . , λn) of positive natural numbers.
We view the non-zero natural numbers N as a subset of P by considering a number
n ∈ N as the trivial partition (n) of itself.
Given a partition λ = (λ1, . . . , λr) ∈ P, we call
|λ| := r
the length of λ and
‖λ‖ := λ1 + · · ·+ λr
the weight of λ, i.e. a partition λ of weight n is a partition of n.
2.3. The symmetric algebra. Let M be an R-module. We denote by SRM its
(completed) symmetric algebra (symmetric in the super-sense, of course), i.e. SRM
is the free R-algebra (in our category of completed graded commutative unital
super-R-algebras) generated by M . It carries a natural decomposition
SRM =
∞∏
k=0
SkRM
with S0RM = R and S
1
RM = M . Given an element q ∈ SRM , we can write
q =
∞∑
k=0
qk
with each qk ∈ SkRM . For each n ∈ R, we set
q(n) :=
∞∑
k=0
nkqk.
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2.4. Complex manifolds. By ∅ we denote the complex manifold without any
point. By ∗ we denote the zero-dimensional complex manifold with exactly one
point.
For each complex manifold X , let ΘX be its tangent sheaf.
Given any coherent sheaf F on X , its Chern character in H2∗(X,Q) ⊂ H∗(X,R)
is denoted by ch(F). It decomposes as
ch(F) =
∞∑
n=0
chn(F)
with chn(F) being of degree 2n.
Given a product X × Y of two complex manifolds X and Y , we usually identify
the cohomology space H∗(X×Y,R) with the tensor product H∗(X,R)⊗RH∗(Y,R)
given by Ku¨nneth’s theorem.
3. Characteristic classes
3.1. Marked complex manifolds.
Definition 1. A marking α (over R) on a complex manifold X is an element
α ∈ H∗(X,R).
A marked complex manifold (X,α) is a complex manifold X together with a
marking α on X .
A morphism f : (X,α) → (Y, β) between marked complex manifolds (X,α) and
(Y, β) is a holomorphic map f : X → Y such that f∗(β) = α.
Given a marking α on a complex manifold X , we write
α =
∞∑
n=0
αn
with αn ∈
⊕
p+q=nH
p(X,Rq) being the component of α of (total) degree n.
Definition 2. Let (X,α) and (Y, β) be two marked complex manifolds.
Their sum (X,α) + (Y, β) is given by
(X ∐ Y, i∗α+ j∗β),
where i : X → X ∐ Y and j : Y → X ∐ Y are the natural inclusion maps.
Their product (X,α) · (Y, β) is given by
(X × Y, p∗α+ q∗β),
where p : X × Y → X and q : X × Y → Y are the natural projection maps.
Remark 1. The neutral element with respect to the sum is the marked complex
manifold (∅, 0). The neutral element with respect to the product is the marked
complex manifold (∗, 0). We thus may speak of the commutative semiring of marked
complex manifolds.
Remark 2. By formally adding additive inverses, we may turn this semiring into
the “ring” of (virtual) marked complex manifolds. The word “ring” is in quotation
marks as this “ring” is a proper class and not a set. By tensoring this ring with
any other ring S, we arrive at the S-algebra of marked complex manifolds, i.e. we
can study formal S-linear combinations of marked complex manifolds. All the
constructions for marked complex manifolds that will follow also extend to this
formal combinations.
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3.2. Characteristic classes. We define the ring
UR := R[p0, p1, p2, . . . , b0, b 1
2
, b1, . . . ]
with the grading defined by deg pi = 2i and deg bi = 2i. (Note that this ring is in
fact a power series ring as we have to implicitely complete it.)
Definition 3. The R-algebra UR is the ring of characteristic classes of marked
complex manifolds over R.
The reason for giving this name to the ring is the following: Given a marked
complex manifold (X,α), there is a unique homomorphism
UR → H∗(X,R), γ 7→ γ|(X,α)
of R-algebras with
pi|(X,α) = chi(ΘX) and bi|(X,α) = α2i.
We set
ch :=
∞∑
i=0
pi and b :=
∞∑
j=0
bj/2.
Then ch|(X,α) = ch(ΘX) and b|(X,α) = α.
Definition 4. The element ch ∈ UR is the universal Chern character, the element
b ∈ UR is the universal marking.
Lemma 1. Let γ, γ′ ∈ UR with γ|(X,α) = γ′|(X,α) for all marked complex manifolds
(X,α). Then γ = γ′.
Proof. This result is well-known for complex manifolds without markings, you may
consult [8].
It is enough to consider the case that γ and γ′ are sums of homogeneous elements
of degree n ∈ N or less. The general case then follows by passing to the limit. Let
us also assume for a moment that γ and γ′ do not contain p0 and b0.
Consider the (compact) complex manifold
X := Gk(C
n+k)×Cr/Z2r,
which is the product of the Graßmannian of k-dimensional subspaces in Cn+k and
an r-dimensional torus with r, k ≫ 0. Recall that the rational cohomology of the
Graßmannian is freely generated up to degree n by the components ch1, ch2, . . . , chk
of the Chern character of its tangent bundle. Further, we have Hp(Cr/Z2r, R) =
ΛpR(C
r), so we find cohomology classes α1, α2, . . . , αn in the cohomology of the
torus that are algebraic independent up to degree n, provided r is big enough.
These classes define a marking α on X .
By these freeness results, we find that γ|(X,α) = γ′|(X,α) implies γ = γ′.
It remains to consider the more general case with p0 and b0 appearing in γ. For
this, consider γ as a polynomial γ(p0, b0) in p0 and b0. Let (X,α) be any marked
complex manifold. From this, we construct for each pair r, s ∈ Z a new marked
complex manifold (X×Cr/Z2r, α+s) with α+s being the image of α+s ∈ H∗(X,R)
under the inclusion map
H∗(X,R)→ H∗(X ×Cr/Z2r, R) ≃ H∗(X,R)⊗R H∗(Cr/Z2r, R), v 7→ v ⊗ 1.
By virtue of this embedding, we considerH∗(X,R) as a subspace of the cohomology
ring H∗(X ×Cr/Z2r, R). Then we can formulate:
γ|(X×Cr/Z2r,α+s) = γ(p0 + r, b0 + s)|(X,α).
The same equation holds true for γ′ in place of γ. Thus, we have
γ(p0 + r, b0 + s)|(X,α) = γ′(p0 + r, b0 + s)|(X,α).
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Expand both sides in powers of p0 + r and b0 + s, e.g.
γ(p0 + r, b0 + s)|(X,α) =
∑
l,m≥0
γl,m(p0 + r)
l(b0 + s)
m|(X,α)
with certain coefficients γl,m ∈ UR that do not contain p0 and b0. We get a another
expansion with γ replaced by γ′. By comparing coefficients, it follows that
γl,m|(X,α) = γ′l,m|(X,α)
for all l,m ≥ 0. By the previous result on the case where p0 and b0 do not appear,
we get γl,m = γ
′
l,m and therefore γ = γ
′. 
Remark 3. Each characteristic class γ ∈ UR is “additive” in the following sense: It
is
γ|(∅,0) = 0
and
γ|(X,α)+(Y,β) = i∗γ|(X,α) + j∗γ|(Y,β)
in H∗(X ∐ Y,R) for all marked manifolds (X,α) and (Y, β).
3.3. Multiplicative classes. On the other hand, not every class is multiplicative
in the following sense:
Definition 5. A characteristic class γ ∈ UR is multiplicative if
γ|({∗},0) = 1
and
γ|(X,α)·(Y,β) = p∗γ|(X,α) ⊗ q∗γ|(Y,β)
in H∗(X × Y,R) ≃ H∗(X,R) ⊗R H∗(Y,R) for all marked manifolds (X,α) and
(Y, β). Here as before, p and q denote the two projections from X ×Y onto its two
factors.
To describe all multiplicative classes, we have to consider the ring
R[λ1, λ2, . . . ]
with deg λi = 2. The symmetric group
S = lim−→
n∈N0
Sn
acts naturally on this R-algebra by permuting the variables λi. We define
ΛR := R[λ1, λ2, . . . ]
S,
i.e. ΛR is the R-algebra of S-invariants of the polynomial ring.
Definition 6. The R-algebra ΛR is the (completed) ring of symmetric functions
over R.
Example 1. The n-th elementary symmetric function in the λi is an element in ΛR.
It is denoted by cn, i.e.
∞∑
i=0
ci =
∞∏
i=1
(1 + λi)
in ΛR with deg ci = 2i.
Remark 4. By the theorem of elementary symmetric functions, the homomorphism
R[c1, c2, . . . ]→ ΛR
of R-algebras that map the (formal) variable ci of degree 2i to the n-th symmetric
function ci is an isomorphism.
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Consider the (completed) tensor product ΛR⊗RΛR. To distinguish between the
first and the second factor, let us decorate the variables coming from the second
factor with a prime, e.g. we write λ′i. Thus we have
ΛR ⊗R ΛR = R[λ1, λ2, . . . , λ′1, λ′2, . . . ]S×S.
Similarly, everything else arising from the second factor, e.g. any elementary sym-
metric function, is primed.
Remark 5. There is a unique homomorphism
ΛR ⊗R ΛR → UR
of R-algebras mapping
∑∞
i=1 λ
n
i to pn and
∑∞
i=1 λ
′n
i to bn for all n ∈ N. This
homomorphism is a monomorphism. By virtue of this homomorphism, we view
ΛR ⊗R ΛR as a subring of UR.
We make use of this identification in the following theorem:
Theorem 1. Let f, f ′ ∈ 1 + xR[[x]] be two power series in R with f0 = f ′0 = 1
Then
∞∏
i=1
f(λi) ·
∞∏
i=1
f ′(λ′i)
is a multiplicative characteristic class in UR.
On the other hand, every multiplicative class in uniquely given by such a con-
struction.
Proof. This result is classical for complex manifolds without marking. See again [8].
To see that γ =
∏∞
i=1 f(λi) ·
∏∞
i=1 f
′(λ′i) is multiplicative, we write
γ = exp

∑
n≥1
(anpn + a
′
nbn)


with log f =
∑
n≥1 anx
n and log f ′ =
∑
n≥1 a
′
nx
n. Then one calculates γ|(∗,0) =
exp(0) = 1 and
γ|(X,α)+(X′,α′) = exp

∑
n≥1
(
(anpn + a
′
nbn)|(X,α) + (anpn + a′nbn)|(X′,α′)
)
= γ|(X,α) · γ|(X′,α′).
It remains to prove the implication in the other direction. So let γ ∈ UR be
a multiplicative class. From γ|(∗,0) = 1 it follows, that the logarithm log γ ∈ UR
exists. Let
m : H∗(Xn, R) ≃ H∗(X,R)⊗n → H∗(X,R)
be the multiplication map given the cup-product. As γ is multiplicative, we have
m
(
log γ|(X,α)n
)
= n
(
log γ|(X,α)
)
.
Any power series (with trivial constant term) in the pi and bi that fulfills this
equality in place of log γ, has to be linear in the pi and bi. Thus log γ is an R-linear
combination of the pi and bi, which proves the other direction. 
Example 2. The total Chern classes c := 1+ c1+ c2+ . . . and c
′ := 1+ c′1+ c
′
2+ . . .
are multiplicative classes.
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4. The Hilbert schemes of points on surfaces
4.1. Nakajima’s creation operators. Let X be a complex surface. For each
n ∈ N0 we denote by X [n] the Douady space (see [3]) of the zero-dimensional
subspaces of X of length n, i.e. holomorphic maps from a complex space S to X [n]
parametrise subspaces Z of S ×X such that the restriction p|Z : Z → X [n] of the
projection map S ×X → S is flat and finite of degree n.
In case X is an algebraic surface, the Douady spaces are algebraic as well. In
fact, they are the corresponding Hilbert schemes of points on X viewed as a scheme.
By abuse of notion, we shall not distinguish between the two notions:
Definition 7. The space X [n] is the Hilbert scheme of n points on X .
Example 3. It is X [0] = ∗, the complex manifold consisting of one point, and
X [1] = X .
For each point ξ ∈ X [n], we denote by supp ξ = suppOξ its support which
is a finite subset of X whose cardinality lies between 1 and n. Given two zero-
dimensional subspaces ξ and ξ′ of X with supp ξ ⊂ supp ξ′, we denote by Iξ,ξ′ the
kernel of the natural epimorphism Oξ′ → Oξ.
The identity X [n] → X [n] corresponds to a subspace Ξn of X [n] ×X such that
the restriction p|Ξn : Ξn → X [n] of the projection p : X [n] ×X → X [n] is flat and
finite of degree n. We denote its structure sheaf by On and use the same symbol
to denote the corresponding quotient sheaf of OX[n]×X on X [n] ×X .
Definition 8. The space Ξn is the universal family over X [n].
We generalise this subspace as follows: Let n, l ∈ N0 be two natural numbers.
By Ξn,l we denote the reduced subspace of X [l+n] ×X [l] ×X whose support is the
closure of the subset
{(ξ′, ξ, x) ∈ X [l+n] ×X [l] ×X | supp Iξ,ξ′ ⊂ {x}}
We denote the projections of X [l+n]×X [l]×X uniformly by p, q and r as given
in the diagram
X [l+n]
p←−−−− X [l+n] ×X [l] ×X r−−−−→ X
q
y
X [l].
The restriction p|Ξn,l : Ξn,l → X [n+l] of p is proper. Thus a push-forward
operator
p∗(· ∩ [Ξn,l]) : H∗(X [l+n] ×X [l] ×X,R)→ H∗(X [l+n], R)
is well-defined. We use this map to construct Nakajima’s creation operators in the
sequel.
In order to do this, it is convenient to consider all Hilbert schemes of points of
X at once. For this, we define
HilbX :=
∞∐
l=0
X [l].
The total cohomology space (up to some shifts to make it completed graded) is
given by
HRX :=
∞∏
l=0
H∗(X [l], R)[−2l].
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There are (at least) two distinguished elements in this cohomology space: One
of them is the unit |1〉 of the (unshifted) cohomology ring, which is given by the
infinite sum of the units in each H∗(X [n], R), and the other one is the so-called
vacuum |0〉 that is the image of 1 ∈ H∗(X [0], R) = H∗(∗, R) = R in HRX .
Elements in the subspace H∗(X [l], R)[−2l] of H∗(HilbX,R), l ∈ N0, are called
elements of weight l.
Given n ∈ N, let
qn : H
∗(X,R)→ EndHRX
be the operator-valued linear map such that for each α ∈ H∗(X,R) the restriction
of qn(α) ∈ EndHRX to H∗(X [l], R) is given by
qn(α) : H
∗(X [l], R)→ H∗(X [l+n], R), β 7→ p∗((r∗α ∪ q∗β) ∩ [Ξn,l]).
Given n1, . . . , nr ∈ N, we set
qn1 ◦ · · · ◦ qnr : H∗(X,R)⊗r → EndHRX,
α1 ⊗ · · · ⊗ αnr 7→ qn1(α1) ◦ · · · ◦ qnr(αr),
and for a partition λ = (λ1, . . . , λr) of length r, we set
qλ : H
∗(X,R)→ EndHRX,
α 7→ (qn1 ◦ · · · ◦ qnr )(δ∗α),
where δ : X → Xr is the diagonal map, inducing a push-forward map
δ∗ : H
∗(X,R)→ H∗(Xr, R) ≃ H∗(X,R)⊗r
on cohomology.
Definition 9. The operators qn(α) and qλ(α) for α ∈ H∗(X,R), n ∈ N and λ ∈ P
are Nakajima’s creation operators over X (and R).
Remark 6. For homogeneous α, the operator qλ(α) is an operator of degree
degα+ 4‖λ‖+ 2|λ| − 4
(and weight 2‖λ‖).
Set
NH∗(X,R) :=
∞∏
n=1
H∗(X,R)[−2n].
The image of α ∈ H∗(X,R) in NH∗(X,R) under the inclusion map corresponding
to a positive natural number n is denoted by qn(α), which is not to be confused
with the operator qn(α) ∈ EndHRX . Finally consider the symmetric algebra
NRX := SR(NH
∗(X,R)).
(The “N” stands for Nakajima.)
Theorem 2. The R-linear map
NRX → HRX, qn1(α1) . . . qnr (αr) 7→ (qn1(α1) ◦ · · · ◦ qnr(αr))|0〉
is an isomorphism of R-modules.
In particular, any two creation operators commute (in the super-sense, of course).
Proof. The reader may find the original proof in [12]. 
Example 4. It is
|1〉 = exp(q1(1))|0〉.
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The multiplication morphism (NRX)
⊗n → NRX of the R-algebra NRX induces
via the isomorphism in Nakajima’s theorem a “multiplication map”
µ : (HRX)
⊗n → HRX,
which is not the cup-product.
We can express the Poincare´ pairing on the cohomology of the Hilbert schemes
of points on a compact surface X in terms of the creation operators as follows:
Proposition 1. Given α1, . . . , αr, β1, . . . , βs ∈ H∗(X,R) and natural numbers
m1, . . . ,mr, n1, . . . , ns ∈ N we do have
〈qm1(α1) . . . qmr (αr)|0〉, qn1(β1) . . . qns(βr)|0〉〉
=
∑
σ:{1,...,s}
→˜{1,...,r}
±
s∏
i=1
mi · δmi,nσ(i) · 〈αi, βσ(i)〉
where the brackets denote the Poincare´ pairing onHRX and H
∗(X,R), respectively,
and the sum runs over all bijections. The sign is the Koszul sign arising from
reordering the αi and βi.
In particular, the pairing vanishes if r 6= s or each index of a creation operator
does not occur with the same multiplicity on both sides.
Proof. There are adjoint operators to the creation operators acting onHRX , called
annihilation operators. Nakajima calculated commutators, which are fundamental
for the study of the cohomology of the Hilbert schemes, between the creation and
annihilation operators. From these commutation relations, one can deduce the
above result. The way to do this can be found in [10] (see in particular the first
paragraph in section 6). 
In the sequel we need a simple fact following from this description of the Poincare´
pairing. This fact is stated in the following lemma where we also assume that X is
compact. Let further α1, . . . , αn ∈ H∗(X,R) be linearly independent cohomology
classes on the surface. We choose classes β1, . . . , βn such that 〈αi, βj〉 = δij for i, j ∈
{1, . . . , n}. For each r ≥ 1 we set βˇri := p∗β where p : Xr → X is the projection
onto the first factor. Recall the push-forward map δ∗ : H
∗(X,R) → H∗(Xr, R).
We set αri := δ∗(αi). One verifies that 〈βˇsi , αrj〉 6= 0 if i = j and s = r and zero
otherwise. For each partition λ = (n1, . . . , nr), we finally set
qˇλ(βi) := (qn1 ◦ · · · ◦ qnr )(βˇri )
for i ∈ {1, . . . , n}.
Lemma 2. Given partitions λ1, . . . , λr, µ1, . . . , µs and maps ρ : {1, . . . , r} →
{1, . . . , n} and σ : {1, . . . , s} → {1, . . . , n}, the expression
〈qˇλ1(βρ(1)) . . . qˇλr (βρ(r))|0〉, qµ1(ασ(1)) . . . qµr (ασ(r))|0〉〉
is non-zero if and only there is a bijection τ : {1, . . . , r} → {1, . . . , s} such that
λi = µτ(i) and ρ(i) = σ(τ(i)).
Proof. This follows from the previous proposition and the orthogonality of the αi
and βi. 
4.2. Hilbert schemes of marked complex surfaces. For each marking α ∈
H∗(X,R) on a complex surface X and each n ∈ N0, we set
α[n] := p∗(ch(OΞn) ∪ q∗(td(X) ∪ α)),
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which is a marking on X [n], which depends R-linearly on α. The corresponding
marked complex manifold is denoted by
(X,α)[n] := (X [n], α[n]).
Definition 10. The marked complex manifold (X,α)[n] is the Hilbert scheme of n
points on (X,α).
Again, it is a good idea to consider all these spaces at once, so we set
Hilb(X,α) :=
∞∑
l=0
(X,α)[n].
The function Hilb(·) works like an exponential. By this, we mean the following:
Proposition 2. Let (X,α) and (Y, β) be two marked complex surfaces. Then
Hilb(∅, 0) = (∗, 0)
and
Hilb((X,α) + (Y, β)) = Hilb(X,α) · Hilb(Y, β).
Proof. From the fact that a zero-dimensional subspace of X∐Y of length n is given
by a pair of a zero-dimensional subspace of X of length p and a zero-dimensional
subspace of Y of length q with p+ q = n, one proves that
(X ∐ Y )[n] =
∐
p+q=n
X [p] × Y [q],
see e.g. [4]. Furthermore, the universal family over (X ∐ Y )[n] restricted to the
component X [p] × Y [q] is given by
(Ξp × Y [q]) ∐ (X [p] ×Υq) ⊂ (X [p] ×X × Y [q]) ∐ (X [p] × Y [q] × Y ),
where Ξp is the universal family over X [p] and Υq is the universal family over Y [q].
Thus by definition of (α + β)[n], its restriction onto the component X [p] × Y [q] is
given by
α[p] ⊠ 1 + 1⊠ β[q] ∈ H∗(X [p] × Y [q], R).
Summing all up, this yields the claimed formula. 
Let n ∈ N0. Given a marked complex surface (X,α), we may consider the n-fold
sum n(X,α), which is again a marked surface. The previous proposition tells us
that
Hilb(n(X,α)) = Hilb(X,α)n.
In particular, we have
HR(n(X,α)) = (HR(X,α))
⊗n.
Recall the R-linear map µ : (HRX)
⊗n → HRX given by Nakajima’s description
of the cohomology space in terms of the creation operators applied to the vacuum.
This give us thus an R-linear map
µ : HR(n(X,α))→ HR(X,α).
We shall need this map in the next section.
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5. Universal formulas
Consider the Q-algebra
A := Q[K, e, α0, α1, α2, α3, α4]
with degK = 2, deg e = 4 and degαi = i. Let A
≥5 be the ideal generated by the
elements of degree five or more in A. We set
VR := R⊗Q (A/A≥5).
The element K ∈ VR is called the universal canonical class, the element e ∈ VR is
called the universal Euler class.
Definition 11. The R-algebra VR is the universal cohomology ring for marked
complex surfaces over R.
This is due to the following: Given a marked complex surface (X,α), there is a
unique homomorphism
VR → H∗(X,R), γ 7→ γ|(X,α)
of R-algebras with
K|(X,α) = −c1(ΘX), e|(X,α) = c2(ΘX), and αi|(X,α) = αi.
Consider a Q-algebra S. A (virtual) marked compact complex surface (X,α) in
the S-algebra of marked complex surfaces is called versal if the homomorphism
VR → H∗(X,R), 7→ γ|(X,α)
is a monomorphism. There are versal marked surfaces. They can be constructed
by taking a sufficiently general linear combination of copies of P2, P1×P1, C2/Z4
and P1 ×C/Z2 with sufficiently general markings.
Lemma 3. Let γ, γ′ ∈ VR with γ|(X,α) = γ′|(X,α) for all marked complex surfaces
(X,α). Then γ = γ′.
Proof. This follows by evaluating γ and γ′ on a versal marked surface. 
Consider the R-algebra
PVR :=
∏
λ∈P
VR[−2‖λ‖].
The canonical injection from V → PVR corresponding to the factor indexed by a
partition λ ∈ P is denoted by
VR → PVR, v 7→ qλ(v).
An element in PVR is called an element of weight l, l ∈ N0, if it is a (finite) sum
of elements of the form qλ(v) with ‖λ‖ = l.
We set
QR := SR(PVR).
Note that PVR becomes a subspace of QR.
Definition 12. The R-algebra QR is the universal creation operator algebra of the
Hilbert schemes of points of marked surfaces over R.
The algebra QR is universal in the following sense: Given a marked complex
surface (X,α), there is a unique homomorphism of R-algebras
QR → End(HRX), q 7→ q|(X,α)
mapping qλ(v) for v ∈ VR and λ ∈ P to qλ(v|(X,α)).
Lemma 4. Let q, q′ ∈ QR with q|(X,α) = q′|(X,α) for all marked complex surfaces
(X,α). Then q = q′.
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Proof. We may assume that X is a versal surface. Then (α0, . . . , α4, 1,K, e) ∈ VR
maps to a linearly independent system on H∗(X,R). We choose a “dual system”
(β0, . . . , β7) as in lemma 2 to this system. Applying this lemma enables us to
extract the components of q and q′ that have to occur with the same coefficients.
From this, we conclude q = q′. 
Recall the definition of q(n) given in the section about notations.
Lemma 5. Let (X,α) be a marked complex surface and n ∈ N0 a natural number.
Then
µ ◦ q|n(X,α) = q(n)|(X,α) ◦ µ
as operators from (HRX)
⊗n to HRX for all q ∈ QR.
Proof. By linearity, we may assume that
q = qλ1(v1) . . . qλr (vr)
for partitions λ1, . . . , λr ∈ P and elements v1, . . . , vr ∈ VR. Then
µ(qλ1(v1) . . . qλr (vr)|n(X,α)|0〉) = µ(qλ1(n · β1) . . . qλr (n · βr)|0〉),
with βi := vi|(X,α) and where
n · βi :=
n∑
j=1
(ij)∗β ∈ H∗(n(X,α), R) ≃ H∗(X,α)⊕n
where ij : H
∗(X,R) → H∗(X,R)⊕n is the injection map into the j-th summand.
Of course, |0〉 is the vacuum vector in Hn(X,α).
The operator µ “commutes” with the qλ in the sense that
µ ◦ qλi(n · βi) = n · qλi(βi) ◦ µ.
(This follows from
ql(n · βi)(ǫ1 ⊗ · · · ⊗ ǫn) =
n∑
i=1
ǫ1 ⊗ · · · ⊗ ǫi−1 ⊗ ql(βi)(ǫi)⊗ ǫi+1 ⊗ · · · ⊗ ǫn
for l ∈ N and ǫ1 ⊗ · · · ⊗ ǫn ∈ HR(n · (X,α)) ≃ (HRX)⊗n.)
This gives
µ(qλ1(n · β1) . . . qλr (n · βr)|0〉) = nr(qλ1(β1) . . . qλr (βr))(µ(|0〉))
= nr(qλ1(v1) . . . qλr (vr))|(X,α)(µ(|0〉)).
Together with the fact that acting on |0〉 is faithful, this yields
µ ◦ qλ1(v1) . . . qλr (vr)|n(X,α) = nr(qλ1(v1) . . . qλr (vr))|(X,α) ◦ µ.

Lemma 6. Let q ∈ QR with
q(X,α)+(X′,α′) = q|(X,α) ⊗ id + id⊗ q|(X′,α′)
in EndHR((X,α) + (X
′, α′)) = End(HRX ⊗HRX ′) for two marked complex sur-
faces. Then q ∈ PVR ⊂ QR.
Proof. For each natural number n ∈ N and each complex surface (X,α), we have
nq|(X,α) ◦ µ = µ ◦ q|n(X,α) = q(n)|(X,α) ◦ µ
as maps from (HRX)
⊗n → HR(X), where the first equality is due to the assumption
and the second due to the previous lemma. It follows that nq|(X,α) = q(n)|(X,α) and
thus nq = q(n) for all n ∈ N. This means that q(n) is linear in n, i.e. q ∈ PVR. 
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Theorem 3. For each characteristic class γ of marked complex manifolds, there
exists a unique class q(γ) ∈ QR such that
q(γ)|(X,α)|1〉 = γ|Hilb(X,α)
for all marked complex surfaces (X,α).
Proof. In [2], it is stated that each polynomial π in the Chern classes of tautological
sheaves u[·] of the Hilbert schemes of points on a surfaces can be expressed by a
“universal formula”. In our language, this means that there exists a q ∈ QR such
that ∑
n≥0
π(u[n]) = q|(X,ch(u))|0〉
for all complex surfaces X and each “sheaf” u ∈ K(X). (In fact, the results in [2]
are only stated for algebraic surfaces, however, the result generalises easily.)
We may generalise this result even further: The theorem in [2] remains true
if we substitute ch(u) by an arbitrary class α ∈ H∗(X,R) (however, one has to
start to keep track of the “Koszul signs” arising), i.e. for each polynomial π in the
cohomology classes α[·], there exists a q ∈ QR such that∑
n≥0
π(α[n]) = q|(X,α)|0〉
for each marked complex surface (X,α):
An analogous statement holds true for polynomials in the Chern classes of the
tangent sheaves of the Hilbert schemes of points on a surface, which is also proven
in [2]. Thus, everything holds true for “mixed” polynomials in the α[·] and the
Chern classes of the tangent sheaves, and thus, via completion, for γ.
This proves that there exists a q(γ) with
q(γ)|(X,α)|1〉 = γHilb(X,α).
(Recall that |1〉 = exp(q1(1))|0〉.) The uniqueness of q(γ) follows from lemma 4. 
Corollary 1. Consider the universal Chern character ch ∈ UR and the universal
marking α ∈ UR. It is q(ch) ∈ PVR ⊂ QR and q(α) ∈ PVR ⊂ QR.
Proof. We apply q(ch)|(X,α)+(X′,α′) to the unit, which gives:
q(ch)|(X,α)+(X′,α′)|1〉 = ch(Hilb((X,α) + (X ′, α′)))
= ch(Hilb(X,α) ·Hilb(X ′, α′))
= ch(Hilb(X,α))⊗ |1〉+ |1〉 ⊗ ch(Hilb(X ′, α′))
=
(
q(ch)|(X,α) ⊗ id + id⊗ q(ch)|(X′,α′)
) |1〉.
This proves the statement for q(ch) by the previous lemma.
The proof of the statement for q(α) is virtually the same, so we shall omit it. 
Corollary 2. For each multiplicative characteristic class γ of marked complex man-
ifolds, there exists a unique class log q(γ) ∈ PVR such that
exp(log q(γ)) = q(γ)
in QR.
Proof. It is
q(γ)|(∅,0)|1〉 = γ|Hilb(∅,0) = γ|(∗,0) = 1,
thus q(γ) ∈ 1 + (PVR) · QR ⊂ QR Therefore, there exists a log q(γ) ∈ QR with
exp(log q(γ)) = q(γ).
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It remains to show that log q(γ) ∈ PVR ⊂ QR. This follows from the previous
lemma since
log q(γ)|(X,α)+(X′,α′) = log q(γ)|(X,α) ⊗ id + id⊗ log q(γ)|(X′,α′).
This in turn is due to the fact that
q(γ)|(X,α)+(X′,α′)|1〉 = γ|Hilb((X,α)+(X′,α′))
= γ|Hilb(X,α)·Hilb(X′,α′)
= γ|Hilb(X,α) ⊗ γ|Hilb(X′,α′)
= q(γ)|(X,α)|1〉 ⊗ q(γ)|(X′,α′)|1〉
=
(
q(γ)|(X,α) ⊗ q(γ)|(X′,α′)
) |1〉
for marked complex surfaces (X,α) and (X ′, α′). 
Let L : VR → VR be the homomorphism of R-algebras that maps K to K, e to
e, α2i to
(α2)
i
i! for i ∈ {0, 1, 2} and α1 and α3 to zero. In particular
L(α) = exp(α2)
with α =
∑4
i=0 αi. This homomorphism induces homomorphisms of PVR and QR,
which will also be denoted by L.
Proposition 3. Using the homomorphism L, we can formulate the following partial
result on q(c′) ∈ QR, namely
L(log q(c′)) =
∞∑
m=1
(−1)m−1
m
qm(1 + α2)− q1(1).
Proof. It is
L(log q(c′))|(X,α)|1〉 = log q(c′)|(X,exp δ)|1〉 =
∑
n≥0
c′|(X,α)[n]
with δ := exp(α2). We may assume that α2 is algebraic, i.e. α2 = c1(L) for a
invertible sheaf L (from which δ = ch(L) follows). Then the proposition follows
from Lehn’s theorem∑
n≥0
c(L[n]) = exp
(
∞∑
m=1
(−1)m−1
m
qm(c1(L))
)
|0〉.
given in [9] as c(L[n]) = c′|(α[n]). 
Corollary 3. Given a marked complex surface (X,α) with α = exp(δ) for a class
δ ∈ H2(X,R), we have
c′|Hilb(X,α) = exp
(
∞∑
m=1
(−1)m−1
m
qm(1 + δ)
)
|0〉.

6. The Hilbert scheme of the affine plane
Let γ ∈ VR be a multiplicative characteristic class, i.e. γ =
∏∞
i=1 f(λi) for a
uniquely determined power series f ∈ 1 + xR[[x]].
We define a power series g ∈ tR[[t]] by
∂g
∂t
(
x
f(x)f(−x)
)
= f(x)f(−x),
i.e. t∂g(t)∂t is the compositional inverse of the power series
x
f(x)f(−x) . In particular,
g is an odd power series.
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Let A : VR → VR be the homomorphism of R-algebras that maps K and e to
zero and α to 1. The R-linear map PVR → PVR that maps qλ(v) to qλ(A(v)) for
|λ| = 1 and qλ(v) to zero for |λ| > 1 will also be denoted by A. This map in turn
induces a homomorphism of R-algebra A : QR → QR.
Theorem 4. Using the homomorphism A, the following partial result on q(γ) ∈ QR
holds, namely
A(log q(γ)) =
∞∑
k≥1
(
1
k!
∂k
∂tk
∣∣∣∣
t=0
g
)
· qk(1)− q1(1).
Proof. The proof follows the strategy also used in [2]. First of all note that
A(q(γ))|X,α|1〉 = q(γ)|(C2,0)|1〉 =
∑
n≥0
γ|(C2,0)[n] .
Thus the proof of the theorem reduces to calculating multiplicative classes on the
Hilbert schemes of points on the affine plane. By corollary 2, the right hand side
can be written as ∑
n≥0
γ|(C2,0)[n] = exp

∑
k≥1
gkqk(1)

 |0〉
for certain gk ∈ R. The reader may wonder why no qλ(1) with |λ| ≥ 2 appears
on the right hand side, but these qλ(1) act trivially on HC2 as δ∗ : H
∗(C2, R) →
H∗((C2)r, R) is the zero map for r ≥ 2.
Thus it remains to calculate the gk that appear above, in fact to prove that
g =
∑
k≥1 gkt
k. Restricting the previous formula to the classes of (maximal) degree
n− 1 on each Hilbert (C2)[n] scheme yields∑
k≥1
gkqk(1)|0〉 =
∑
n≥0
(γn−1)|(C2,0)[n]
where γn−1 is the component of γ of degree n− 1. As explained in [2], this follows
from the fact that Hr((C2)[n], R) = 0 for r ≥ n.
Looking in [1], we find the following formula in the proof of theorem 5.1:
cn−1|(C2,0)[n]
=
∑
‖λ‖=n
1
h(λ)

 1
(n− 1)!
∂n−1
∂xn−1
∣∣∣∣
x=0
∏
w∈D(λ)
((1 + h(w)x)(1 − h(w)x))


· χλ(n) · z−1(n) · qn(1)|0〉,
where the symbols D(λ), h(λ), h(x), χλµ and zµ are defined in [1] (or [2]). (This
formula follows from theorem 4.2 in [2].)
Slightly generalising this formula by replacing the Chern class cn−1 by γn−1,
which amounts to replace the power series 1 + x by the more general f , yields
γn−1|(C2,0)[n] =
∑
‖λ‖=n
1
h(λ)

 1
(n− 1)!
∂n−1
∂xn−1
∣∣∣∣
x=0
∏
w∈D(λ)
(f(h(w)x)f(−h(w)x))


· χλ(n) · z−1(n) · qn(1)|0〉.
(Already in [2] is has been stated that similar formulas hold true for more than just
the total Chern class.)
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We proceed as in [2], noting that
χλ(n) =


(−1)s for λ = (n− s, 1, . . . , 1︸ ︷︷ ︸
s-times
) and 0 ≤ s < n
0 otherwise
and that z(n) = n, {h(w) : w ∈ D(λ)} = {1, . . . , s, 1, . . . , n − s − 1, n} (with
multiplicities) and h(λ) = s! · (n − s − 1)!n for a partition λ of n the form λ =
(n− s, 1, . . . , 1), 0 ≤ s < n. This simplifies the above expression for γn−1|(C2,0) to
γn−1|(C2,0)[n] =
qn(1)
n
|0〉 ·
n−1∑
s=0
(−1)s
n · s!(n− 1− s)!
·

 1(n− 1)! ∂
n−1
∂xn−1
∣∣∣∣
x=0
∏
k∈{1,...,s,
1,...,n−1−s,n}
(f(k · x) · f(−k · x))


=
qn(1)
n
|0〉 · 1
(n− 1)!
∂n−1
∂xn−1
∣∣∣∣
x=0
f(n · x) · f(−n · x)
·
n−1∑
s=0
(−1)s
n · s!(n− 1− s)!
s∏
k=−(n−s)
(f(k · x)f(−k · x)).
By lemma 8 (to be found in the appendix) this gives
γn−1|(C2,0)[n] =
qn(1)
n
|0〉 · (−1)
n−1
n!
∂n−1
∂xn−1
∣∣∣∣
x=0
(f(x) · f(−x))n.
As f(x)·f(−x) is an even power series, we can leave out the sign (−1)n−1. Together
with the Langrange Inversion Theorem, see proposition 4 in the appendix, this
yields ∑
n≥0
γn−1|(C2,0)[n] =
∑
k≥1
(
1
k!
∂k
∂tk
∣∣∣∣
t=0
g
)
· qk(1)|0〉,
which is all that remained to show. 
Corollary 4. Consider the marked complex surface (C2, 0). We have
γ|Hilb(C2,0) = exp

 ∞∑
k≥1
(
1
k!
∂k
∂tk
∣∣∣∣
t=0
g(t)
)
· qk(1)

 |0〉.

Example 5. Let γ = c be the total Chern class. Then f = 1 + x and thus
g =
1−√1 + 4t2
2t
+ arcsin(2t) =
∞∑
n=0
(−1)n 1
(n+ 1) · (2n+ 1) ·
(
2n
n
)
· t2n+1.
By the previous theorem, this gives
A(log q(c)) =
∑
n≥0
(−1)n
n+ 1
·
(
2n
n
)
· q2n+1(1)
2n+ 1
− q1(1).
This formula is one of the main results in [1].
Example 6. Let γ = s = c−1 be the total Segre class, i.e. f = (1 + x)−1. Thus
∂g
∂t
(x · (1− x2)) = (1− x2)−1.
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By the Lagrange Inversion Theorem, we have
g =
∞∑
n=0
1
(2n+ 1)2
·
(
3n
n
)
· t2n+1,
and therefore
A(log q(s)) =
∑
n≥0
1
2n+ 1
·
(
3n
n
)
· q2n+1(1)
2n+ 1
− q1(1).
This example is new.
Example 7. Let γ =
√
td be the square root of the Todd class, i.e. f =
√
x
1−exp(−x) .
Then
g = 2Shi
(
t
2
)
=
∞∑
n=0
1
4n · (2n+ 1) · (2n+ 1)! · t
2n+1,
where Shi(y) :=
∫ y
0
sinh η
η dη is the hyperbolic sine integral. Therefore
A(log q(
√
td)) =
∑
n≥0
1
4n · (2n+ 1)! ·
q2n+1(1)
2n+ 1
− q1(1).
This example is new. (The calculation for td instead of
√
td leads to a much more
complicated result.)
Remark 7. As every product of Chern classes occurs in a suitable multiplicative
class (e.g. γ =
∏∞
i,j=1(1+λitj) ∈ UR with R = Q[t1, t2, . . . ]), we can use the above
corollary to calculate any characteristic class of the Hilbert schemes of points on
the affine plane in terms of Nakajima’s creation operators.
We turn now from the tangent bundle to the multiplicative classes built up from
the bi: Let γ ∈ VR be a multiplicative characteristic class of the form γ =
∏∞
i=1 f(λ
′
i)
for a (uniquely determined) power series f ∈ 1 + xR[[x]].
We define a power series g ∈ tR[[t]] by
∂g
∂t
(
x
f(−x)
)
= f(−x),
i.e. −t∂g∂t is the compositional inverse of the power series − xf(x) .
Theorem 5. Using the homomorphism A, the following partial result on q(γ) ∈ QR
holds, namely
A(log q(γ)) =
∞∑
k≥1
(
1
k!
∂k
∂tk
∣∣∣∣
t=0
g(t)
)
· qk(1)− q1(1).
Proof. We have
A(q(γ))|(X,α)|1〉 = q(γ)|(C2,1)|1〉 =
∑
n≥0
γ|(C2,1)[n] .
Thus again, everything boils down to calculating universal classes on the Hilbert
schemes of points on the affine plane. As in the proof of the previous theorem, we
have to show that ∑
k≥1
gkqk(1)|0〉 =
∑
n≥0
γn−1|(C2,1)[n]
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with g =
∑
k≥1 gkt
k. The right hand side of the equation is in fact a sum of
characteristic classes of the tautological bundles O[n] as ch(O[n]) = 1[n] (note that
ch(O) = 1). To be more precise, it is
γn−1|(C2,1)[n] =
1
(n− 1)!
∂n−1
∂xn−1
∣∣∣∣
x=0
n∏
i=1
f(ǫ
[n]
i · x),
where ǫ
[n]
1 , . . . , ǫ
[n]
n are the Chern roots of O[n].
From here, we continue as in the proof of the previous theorem. We just have
to replace the tangent bundle by the tautological bundle. By [1], we have
γn−1|(C2,1)[n] =
∑
‖λ‖=n
1
h(λ)

 1
(n− 1)!
∂n−1
∂xn−1
∣∣∣∣
x=0
∏
w∈D(λ)
f(h(w)x)


· χλ(n) · z−1(n) · qn(1)|0〉,
where the symbols have the same meaning as in the proof of the previous theorem.
(Again, we have replaced the total Chern class by an arbitrary multiplicative class.)
Doing the same calculations as above, one eventually arrives at
γn−1|(C2,1)[n] =
qn(1)
n
|0〉 · (−1)
n−1
n!
∂n−1
∂xn−1
∣∣∣∣
x=0
(f(x))n.
Again by the Langrange Inversion Theorem this yields∑
n≥0
γn−1|(C2,1)[n] =
∑
k≥1
(
1
k!
∂k
∂tk
∣∣∣∣
t=0
g
)
· qk(1)|0〉,
which again is all that remained to show. 
Corollary 5. Consider the marked complex surface (C2, 1). We have
γ|Hilb(C2,1) = exp

 ∞∑
k≥1
(
1
k!
∂k
∂tk
∣∣∣∣
t=0
g
)
· qk(1)

 |0〉.
Remark 8. From this result, one can deduce a formula for
γ|Hilb(C2,r) =
∑
n≥0
γ|(X[n],r[n])
for each r ∈ Z, as γ(X [n], r[n]) = γ(X [n], 1[n])r. From this one can conclude that
this formula holds for all r ∈ R.
We do this in the following example:
Example 8. Let r ∈ Z and let γ = c′r, i.e. f = (1 + x)r. Then
∂g
∂t
(x · (1− x)−r) = (1− x)r.
By the Lagrange Inversion Theorem,
g =
∑
n≥0
(−1)n−1
n2
·
(
rn
n− 1
)
tn.
By the theorem, this gives
A(log q((c′)r)) =
∑
n≥0
(−1)n−1
n
·
(
rn
n− 1
)
· qn(1)
n
− q1(1)
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and by the corollary,
c′|(C2,r) = γ|(C2,1) = exp

∑
n≥1
(−1)n−1
n
·
(
rn
n− 1
)
· qn(1)
n

 |0〉,
which is an instance of Lehn’s formula for r = 1, i.e. corollary 3 applied to δ = 0. .
The case r ≥ 2 appears to be new.
Remark 9. One can use the previous corollary to obtain a complete description of
the ring structure of the cohomology ring of the Hilbert schemes of points on the
affine plane. (This has be studied successfully before, see [11].)
To understand this, consider the power series
g =
∑
k≥1
(ρk + ρ
′
k) · tk ∈ tR[t]
with R := Q[ρ1, ρ2, . . . , ρ
′
1, ρ
′
2, . . . ]. There is a unique power series f ∈ 1 + xR[[x]]
such that
∂g
∂t
(
x
f(−x)
)
= f(−x).
Let γ :=
∏∞
i=1 f(λ
′
i) be the multiplicative class defined by f . Then
γ|Hilb (X,α) = exp

∑
k≥1
(ρk + ρ
′
k) · qk(1)

 |0〉,
i.e. γ|(X,α) can be seen as a universal cohomology class in HC2 as every class in
HC2 can be written as a sum of polynomials in the qk(1) acting on the vacuum |0〉.
Now, γ2 is another multiplicative class, which is defined by f2 and which applied
to Hilb (X,α) gives
γ2|Hilb (X,α) = exp

∑
k≥1
(ρk + ρ
′
k) · qk(1)

 |0〉 · exp

∑
k≥1
(ρk + ρ
′
k) · qk(1)

 |0〉,
which includes all cup-products of all polynomials in the qk(1) acting on the vacuum.
Now let h ∈ tR[[t]] be the unique power series with
∂h
∂t
(
x
f2(−x)
)
= f2(−x).
Then
exp

∑
k≥1
(ρk + ρ
′
k) · qk(1)

 |0〉

2 = exp

∑
k≥1
(
1
k!
∂k
∂tk
∣∣∣∣
t=0
h(t)
)
· qk(1)

 |0〉.
Thus, we can effectively calculate all powers of the universal cohomology class,
which encodes completely the ring structure.
Appendix A. Lagrange Inversion Theorem
For the convenience of the reader, we state the Langrange Inversion Theorem
(also called Lagrange expansion) in the form in which it is needed in the main text.
For a proof of the general statement see e.g. [14].
Let f ∈ 1 + xR[[x]] be a power series and define g ∈ tR[[t]] such that
∂g
∂t
(
x
f
)
= f,
i.e. such that t∂g∂t is the compositional inverse of
x
f .
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Proposition 4. The power series g is given by
g =
∞∑
n=1
tn
n · n!
(
∂n−1
∂xn−1
∣∣∣∣
x=0
fn
)
.

Appendix B. Two algebraic identities
The following identity holds true in the domain of the rationals for all m ∈ N0
and 0 ≤ p ≤ m:
Lemma 7. It is
m∑
s=0
(−1)ssp
s!(m− s)! =
{
0 for p < m
(−1)m for p = m.
Proof. Observe that
m∑
s=0
(−1)ssp
s!(m− s)! =
m∑
s=0
(−x)ssp
s!(m− s)!
∣∣∣∣∣
x=1
=
(
x
d
dx
)p m∑
s=0
(−x)s
s!(m− s)!
∣∣∣∣∣
x=1
=
1
m!
(
x
d
dx
)p
(1− x)m
∣∣∣∣
x=1
,
where x is a formal variable. As(
x
d
dx
)p
(1− x)m
is divisable as a polynomial in x by (1− x) for p < m and(
x
d
dx
)m
(1− x)m = m! · xn + f
where f is a polynomial divisable by 1− x, the lemma follows. 
Let f ∈ 1 + xR[[x]] any formal power series with constant coefficient one. For
each n ∈ N0 define the formal power series
Pn :=
n∑
s=0
(−1)s
s!(n− s)! ·
s∏
k=−(n−s)
f(k · x)
in 1 + xR[[x]].
Lemma 8. The power series Pn has leading term (−1)n
(
1
n!
d
dxn
∣∣
x=0
fn+1
) ·xn, i.e.
Pn = (−1)n ·
(
d
dxn
∣∣∣∣
x=0
fn+1
)
· xn +O(xn+1).
Proof. First of all, we consider the logarithm
log f =
∞∑
i=1
Fix
i
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with certain coefficients Fi ∈ R as a formal power series in xR[[x]]. This enables us
to write
s∏
k=−(n−s)
f(k · x) = exp

 s∑
k=−(n−s)
(log f)(k · x)


= exp

 ∞∑
i=1
s∑
k=−(n−s)
Fik
ixi


= exp
(
∞∑
i=1
Fix
i
(
s∑
k=1
ki +
n−s∑
k=1
(−k)i
))
.
Recall the classical summation formula involving the Bernoulli numbers. These
show, that terms like
∑s
k=1 k
i can be expressed as polynomials in s of degree i+1,
in fact
s∑
k=1
ki =
1
i+ 1
(
si+1 +
1
2
(i + 1)si + . . .
)
,
where “. . . ” denotes term of lower degree in s. Similarly, one has
n−s∑
k=1
(−k)i = (−1)
i
i+ 1
(
(n− s)i+1 + 1
2
(i+ 1)(n− s)i + . . .
)
=
1
i+ 1
(
−si+1 + 1
2
(i+ 1)(2n+ 1)si + . . .
)
.
Summing up yields
s∑
k=1
ki +
n−s∑
k=1
(−k)i = (n+ 1)si + . . . .
Thus, we have
s∏
k=−(n−s)
f(k · x) = exp
(
∞∑
i=1
((n+ 1)Fix
i(si + . . . ))
)
= fn+1(s · x) + g(s, x)
for a power series g ∈ R[s][[x]], in which we collect all the “. . . ”-terms. In each
homogeneous component of g the exponent of s is strictly less than the exponent
of x. Plugging this into our definition of Pn, we arrive at
Pn =
n∑
s=0
(−1)s
s!(n− s)!f
n+1(s · x) + xg(s · x).
In order to complete the proof, we have to differentiate this expression up to n-times
with respect to x. So, let 0 ≤ p ≤ n. Then
1
p!
d
dxp
∣∣∣∣
x=0
Pn =
n∑
s=0
(−1)s
s!(n− s)!
1
p!
d
dxp
∣∣∣∣
x=0
(fn+1(s · x) + xg(s · x)).
The term 1p!
d
dxp
∣∣∣
x=0
fn+1(s ·x) is of degree p (or less) in s, the term 1p! ddxp
∣∣∣
x=0
xg(s ·
x) is of degree strictly less than p in s. Therefore, in view of the previous lemma,
we have
1
p!
d
dxp
∣∣∣∣
x=0
Pn =
{
(−1)n 1n! ddxn
∣∣
x=0
fn+1 for p = n
0 for p < n.

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